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1 Introduction 


In 1900, Hilbert presented 23 famous problems. The sixth problem is: To hnd a 
few physical axioms which, similar to the axioms of geometry, can describe a the¬ 
ory for a class of physical events that is as large as possible. In 1933, Kolmogorov 
axiomatized modern probability theory ([1]). In Kolmogorov’s theory, the set £ of 
experimentally verihable events forms a Boolean a-algebra. Thus, Boolean algebra 
theory can describe classical logic. However, Kolmogorov’s theory does not describe 
the situation that arises from quantum mechanics, e.g. the famous Heisenberg un¬ 
certainty principle ([2]). One of the most important problems in quantum theory is 
to hnd a mathematical description of the structure of random events of a quantum 
system. The problem was originally studied in 1936 by Birkhoff and von Neumann 
([3]). The main difficulty is that many quantum phenomenon cannot be described in 
terms of the event structure in classical probability. In von Neumann’s approach, a 
quantum system is represented by a separable complex Hilbert space "H, each phys¬ 
ical quantity is represented by a self-adjoint operator on "H, and called it a quantum 
observable, the set of all the quantum observables is denoted by iS('H). Since the 
spectrum <j{P) of a projection operator P is contained in {0,1}, if the truth values, 
false and true, for two-values propositions about the quantum system are encoded 
by 0 and 1, then these propositions can correspond to projection operators on "H. 
That is, two-valued propositions about the quantum system can be represented by 
projection operators on 'H. Birkhoff and von Neumann considered the set £('H) of 
all projection operators on 'H as the logic of the quantum system ([3]). For each 
A G ‘S('H), if P"^ is the spectrum measure of A, then for each real Borel set A, 
P^{A) represents the event that the values of physical quantity A are contained in 
A. 

Let £ be a lattice with two binary operations the supremum V and the inhmum 
A. If there are two elements 0 and / in £ and a unary operation ' ; £ -> £ such that 
x” = x,x\/ x' = I, X Ax' = 0 for all a; G £ such that 0 < a; < /, then (£, V, A,' , 0, 1) 
is said to be an ortholattice, and ' is said to be an orthocomplementation operation. 
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We say the ortholattice (£, V, A/ , 0, 1) satishes the orthomodular law if 


X < y ^ y 


X y {y Ax 


whenever x,y G C. 

The name of orthomodular was suggested by Kaplansky. An ortholattice satis¬ 
fying the orthomodular law is said to be an orthomodular lattice ([4]). 

We say the ortholattice (£, V, A,' , 0, 1) satishes the modular law if 

x<y^yA{x\/z)=x\/{z Ay), 

whenever x,y,z E C. An ortholattice, which satishes the modular law, is said to be 
a modular lattice ([4]). 

Let p,qE CiTi). We say p < g if {px, x) < {qx, x) for all x ETi. {CiTi), <) is a 
lattice with respect to the partial order < and has the minimal element 0 and the 
maximal element I. Moreover, if we dehne p = I —p, then (£('H), V, A,' , 0, 1) is an 
ortholattice. 

In 1937, Husimi showed that (£(77), V, A,' , 0, 1) has the orthomodular law ([5]), 
thus, (£(77), V, A,' , 0, 1) is an orthomodular lattice. 

People can also consider the orthomodular lattices as the quantum logics, see 

[4]. 

Moreover, Birkhoh and von Neumann showed that if 77 is a hnite dimensional 
space, then (£(77), V, A,' , 0, 1) is a modular lattice ([3]). 

Note that each Boolean algebra M is a distributive ortholattice. That is, for 
x,y,z E A, we have 

X A {yy z) = {x Ay) y {x A z), 
xy {y A z) = {xy y) A {xy z). 

Therefore, we see that the quantum logic (£(77), V, A ,', 0, 1) is completely different 
from the classical logic. 

Let (£, V, A,' , 0, 1) be an orthomodular lattice. We say that x and y satisfy the 
binary relation T if a; < y'. We dehne a partial operation ® on Chyx®y = xyy 
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if xl.y. Then, we get a new algebraic structure (£, T, ©, 0, 1) with the following 
properties: 

(OAl) If xTy, then yl.x and x ® y = y ® x. 

(OA2) If y®z and x®{y®z), then xTy, {x®y)®z and {x®y) ®z = x© {y®z). 

(OA3) For each a; G £, there exists a unique y ^ C such that X-Ly and x®y = I. 

(OA4) If x±x, then a; = 0. 

In 1992, Fouls, Greechie and Ruttimann called the algebraic structure 
(£, T, ©, 0, 1) an orthoalgebra ([6]). 

In 1996, Kalmbach, Riecanova, Hedlikova and Pulmannova, Dvurecenskij intro¬ 
duced the following equivalent dehnition ([7, 8, 9]): 

Definition 1. A generalized orthoalgebra (S, T, ©, 0) is a set S with an element 
0, a binary relation T, and a partial operation ©, such that if xl.y, then a; © ?/ is 
dehned and satishes the following conditions: 

(OAl). If X-Ly, then y±x and x ® y = y ® x. 

(OA2). If y±z and X-L{y®z), then X-Ly, {x®y)-Lz and {x®y)®z = x© {y®z). 

(GOA3). If X-Ly, X-Lz and x ® y = x ® z, then y = z. 

(GOA4). If X-Ly and x ®y = 0, then x = y = 0. 

(GOA5). xTO and a; © 0 = a; for all a; G T. 

(GOA6). If a;Ta;, then a; = 0. 

Let a,b ^ S. If there is a c G £ such that aTc and a ® c = b, then we say 
that a ^ b. It can be proven that © is a partial order, namely, the generalized 
orthoalgebra (S, T, ©, 0) has a nature partial order ©. Moreover, X-Ly if and only 
iix <y' ([9]). 

Generalized orthoalgebras are very important models of quantum logic. They 
extend the quantum logic V, A,' , 0, 1) greatly ([9]). 

In [10], Gudder dehned a binary relation T on the set SbiTi) of all bounded 
self-adjoint operators on "H by A-LB once AB = 0, in which case, dehne A © 
B = A + B. However, it is unfortunate for the world we live in that many of 
the operators that arise naturally are not bounded. For example, in the famous 
Heisenberg’s commutation relation QP — PQ = —ihl, the position operator Q 
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and the momentum operator P are both unbounded self-adjoint operators ([11])- 
Therefore, it is necessary to study such operators and the set iS('H) of all bounded 
and unbounded selfadjoint operators on "H. 

In this paper, we introduce a binary relation T on S{'H) such that APB iff 
ran{A) is orthogonal to ra/n{B), where ran{A) denotes the range of A. If APB, we 
dehne A (B B = A P B. We show that if APB, then A and B are affiliated with 
some abelian von Neumann algebra. Moreover, we show that (iS('H), T, ©, 0) is a 
generalized orthoalgebra. Thus, we establish a new quantum logic structure on all 
physics quantities of the quantum system "H. Note that the generalized orthoalgebra 
(iS('H), T, ©, 0) has a nature partial order we will show that A P B iP A has a 
value in A implies that B has a value in A for each real Borel set A not containing 
0. Moreover, we study the existence of the inhmum AAB and supremum Ay B for 
A,B E S{'H) with respect to In the end, we will show that the position operator 
Q and momentum operator P satisfy that Q A P = 0. 

2 Definitions and Facts of Self-adjoint Operators 

We hrst recall some elementary concepts and facts of unbounded linear operators, 
see [12]. An unbounded linear operator A we consider will have a domain P{A) 
that is a dense linear subspace of l-L. Given two linear operators A : P{A) -A Pi 
and B : P{B) -A PL, we write APB and say that B is an extension of A, if 
P{A) C P{B) and Ax = Bx for all x G P{A). To each linear operator A, there 
exists a linear operator A* of A such that V{A*) = {y EPi : there exists y* E Pi such 
that {y*,x) = {y,Ax) for all x E V{A)], and dehne A*y = y* for each y e V{A*). 
\i A P A*, then A is said to be a symmetric operator. \i A = A*, then A is said to 
be a self-adjoint operator. 

For each A, we associate A with a graph G{A) = {{x,Tx)\x E V{A)}. We say 
A is closed if G(A) is a closed set, and A is closable if there exists a closed linear 
operator B such that APB and G{A) = G{B). It is well known that the domain 
T>(A) ^ 'H for each unbounded closed linear operator A. 
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Each self-adjoint operator is closed and each symmetric operator is closable. 

Suppose that A is closable. Let A denote the closed linear operator such that 
G(A) = G(A). The operator A is called the closure of A. 

From the viewpoint of calculations with an unbounded operator A, it is often 
much easier to study its restriction A|x)o to a dense linear subspace Vq in its domain 
T>(A) than to study A itself. If A is closed and G{A\x>o) = G{A), the information 
obtained in this way is much more applicable to A. In this case, we say that Vq is 
a core for A. 

A family {Ex} of projection operators indexed by R, satisfying 

(i) - Aasr-^a = 0 and Vasr-^a = L, 

(ii) . Eai < Ex2 if Ai < A 2 , 

(iii) - Aa>Ai^a = Ex,, 

is said to be a resolution of the identity. 

The following is a spectral theory for self-adjoint operators. 

Lemma 1 ([12], [13]). If A is a self-adjoint operator on "H, then there is a unique 
spectral measure dehned on the all Borel subsets of R such that 

A = f XdP^{X). 

Jn. 

If we denote by E^ = P^{{—oo,X]), then {E^} is a resolution of the identity, 
and it is said to be the resolution of the identity for A. Moreover, if we denote 
E^ = E^ — then E^{H) is a core for A, and 

/ n 

XdE^x 

for each x in E^iP) and all n, in the sense of norm convergence of approximating 
Riemann sums. 

Lemma 2 ([12]). If A : "H —)■ "H is a closed operator, then the null space 
null {A) = {x E V{A) : Ax = 0} of A is a closed subspace of P. Moreover, 
(ran(A))-‘- = null{A*), {ran{A*))^ = null{A), ran{A*A) = ran{A*), null{A*A) = 
null{A). 

Let A G S{P). It is easy to see that E^E^ = E^E^, E^A C AE^, and 
AE^x —)■ Ax for each x G V{A) and m, n G N. 
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Now, we denote Pa and Na to be the projection operators whose ranges are 
ran{A) and null{A), respectively. 

Lemma 3 ([12]). Let A, B e S{H). Then P^({0}) = Na, P^(R \ {0}) = Pa, 
Pa + Na = I and Pa^ Pb = I — Na A Nb- 

Lemma 4 ([14]). Let A be a self-adjoint operator on P. If S' is a bounded linear 
operator on P and SA C AS, A C R is a Borel set, then P^{A)S = S'P^(A). 

Lemma 5. Let A,B E S{P). Then, the following statements are equivalent. 

(i) APB, that is, rWn{A) is orthogonal to rWn{B). (ii) ran{A) C null{B). 
(hi) rWn{B) C null{A). (iv) AB C 0 and V{AB) = P(P). (v) BA C 0 and 
V{BA) = V{A). 

Proof {i) ■v^ {ii) -v^ {Hi) are trivial. 

{a) (n): Suppose BA C 0 and V{BA) = V{A). For each x E V{A), Ax E 

V{B) and BAx = 0. That is Ax E null{B). So ran{A) C null{B). Since null{B) 
is closed, rWn{A) C null{B). Conversely, suppose that ran{A) C null{B). Then, 
for each x E P{A), Ax E null{B), we have x E V{BA) and BAx = 0. Therefore, 
V{BA) = V{A) and BA C 0. 

Similarly, {Hi) {iv). 


3 The Affiliate Relationship 

We say that a closed densely dehned operator T is affiliated with a von Neumann 
algebra P and write Tr]P when U*TU = T for each unitary operator U commuting 
with P. As far as the domains are concerned, the effect is that U transforms P(T) 
onto itself ([12]). 

The affiliation relationship is very important and provides a framework for the 
formal computation which the physicists made with the unbounded operators. 

Lemma 6 ([12]). If A is a self-adjoint operator, and A is affiliated with some 
abelian von Neuman agebra P, then {P^} P P. 

Lemma 7 ([12]). If {Pa} is a resolution of the identity, P is an abelian von 
Neumann algebra containing {Pa}, then there is a self-adjoint operator A is affiliated 
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with TZ, and 


/ n 

XdExx 

-n 

for each x in FniTi) and all n, where Fn = En — E_n', and {Ex} is the resolution of 
the identity for A. 

Example ([12]). If {S,(p,m) is a ci-hnite measure space and A is its multiplica¬ 
tion algebra acting on L‘^{S,m), then A is a closed operator, and A affiliated with 
AiS A = Mg for some measurable function g hnite almost everywhere on S. In this 
case, A is self-adjoint if and only if g is real-valued almost everywhere. 

In 2012, Kadison pointed out the Heisenberg relation QP — PQ = —ihl cannot 
be satished in the algebra of operators affiliated with any hnite von Neumann algebra 
([11])- 

In this section, our main result is: 

Theorem 1. li A,B E S{'H), APB, then there exists an abelian von Neumann 
algebra TZ such that ArjTZ and BrjTZ. Moreover, common core 

for A and B. 

Proof. APB implies that fWi{A) P 7WT{B). It follows that AF^BF^ = 
BF^AF^ = 0 for each m,n e N. For each x G V{B), as BF^x —)■ Bx, we 
have AF^B C BAF^. From Lemma 4, AF^F^ = F^AF^ for each m, n G N. 
Similarly, we have BF^F^ = F^BF^. Also, it is easy to check that F^F^ = 
F^F^. Moreover, is the common core for A and B. 

Denote TZ the von Neumann algebra generated by the set [F^, AF^, F^, BF^ : 
n = 1, 2, • • ■}. Since the elements in {F^, AF^, F^, BF^ : n = 1, 2, • • ■} are com¬ 
muting, TZ is abelian. If 1/ is a unitary operator in TZ' and x G ur-ijycw). 
AUx = AUF^x = AF^Ux = UAF^x = UAx for some n. So AgTZ. It is the same 
that BgTZ. 
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4 Generalized Orthoalgebra (<S(?^), 0, 0) 

Now, we prove that (iS('H), _L, ©, 0) is a generalized orthoalgebra. 

Proposition 1. Let A,Be 5'('H) with = BA. Then 

(1) - U^i F^{'H) is the common core for A and B. 

(2) . V{B) C V{A). 

Proof. (1). As is self-adjoint and = BA, BA is self-adjoint and BA © 
AB. A^ = BA implies that {AF^Y = BAF^ © ^F^B for each n G N. From 
Lemma 4, F^AF^ = AF^F^. For each x G V{A) and n G N, since AF^x —)■ Ax 
as m —)■ cxD, F^Ax = F^ilmvraAF^x) = \im.mF^AF^x = \im.mAF^F^x. As A 
is closed and F^F^x —)■ F^x when m —)■ cxd, we have F^x G T>{A) and AF^x = 
F^Ax. That is F^A C AF^ for each n G N. So UJ^Li FJ^{'H) is the core for A. It 
follows that F^{'H) is the common core for A and B. 

(2). Since F^A C AF^ and F^A is closable for each n G N, it is easy to 
prove that F^A = AF^. Thus (F^A)* = {F^A)* = {AF^)* and it follows that 
F^A C {AF^y = (F^A)* = AF^. So AF^ is self-adjoint for each n G N. 
Since = BA and {AF^F^y = BF^AF^^ = AF^BF^ for each m, n G N, we 
have BF^A C ABF^. By Lemma 4, BF^Pa = PaBF^. For each x G P{B), 
BF^x —)■ Bx, BF^Pax = PaBF^x —)■ PaBx. Since F^Pax —)■ Pax and B is 
closed, we have Pax G P{B) and BPax = PaBx. That is PaB C BPa- 

As = BA D AB, for each x G P{B) and Bx = 0, it follows that x G P(A^) 
and A^x = 0. Since null{A?) = null{A), we have Ax = 0 and null{B) C null{A). 
Then 

P = ran{A) © {null{A) fl rWn{B)) © null{B). 

For each x G P{B), x = X 1 +X 2 +X 3 where Xi G ran{A), X 2 G {null{A)r\rWn{B)) and 
X 3 G null{B). PaB{xi + X 2 ) = BPa{xi + X 2 ) = BPaXi = Bxi. That is xi G P{B). 
As xi G rWn{A), there exists a sequence {xm} F V{A) such that Axm —t Xi. For 
each n G N, AF^xi = AFy{\immAxm) = lim^AF^Axm = BAF^Xm = 
\im.mBFyAF^Xm = BFy{\m\rnFyAxm) = BF^xi —)■ Bxi- Since A is closed, we 
have Xi G P{A) and Axi = Bxi. Thus we have x* G P{A) for i = 1,2,3 and 
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X G V{A). Therefore, T>{B) C V{A). 

In general, the sum of two unbounded self-adjoint operators is not always self- 
adjoint. However, we have the following result. 

Proposition 2. Let A, B E S{'H) with ABB. Then V{A + B) is a dense 
subspace of Ti and A + B is a self-adjoint operator. 

Proof. From the proof of Proposition 1, we know that is a 

common core for A and B. So 'D{A + B) = V{A) (^V{B) is dense. 

Now, we turn to prove that A + B is closed. Let {xn} F V{A + B) with Xn ^ x 
and {A A B)xn —t y- Since "H = fWi{A) © null (A), we have Xn = x^'^ + where 
^ r(m{A) and C null{A). As ran{A) C null{B), {A + B)xn = + 

Bx^'' y. Since NB{A+B)xn = NbAx^J;^+ NbBx^^'^ —)■ NBy and NbAx^^"^ = Ax^^\ 
NbBx^^ = 0, we have Ax!^'^ —)■ NBy and Bx^^ —t y — NBy. Since A is closed and 
Axn = Ax!^'^ -E- NBy, it follows that x E T){A) and Ax = NBy. Similarly, we have 
X E V{B) and Bx = y — NBy. Therefore, x E V{A)f]V{B) and {A + B)x = y, 
which implies that A + H is closed. 

Moreover, we can prove that is also the core for (A + B)*. In 

fact, as F^F^{A + B) C (A + B)F^F^ and F^F^ = F^F^, it follows that (A + 
BfF^F^ © F^F^{A + B)*. For each a; G T>((A + B)*), F^F^x -E x and (A + 
B)*F^F^x = F^F^{A + B)*x ^ (A + B)*x. So U“=i in the core for 

(A + B)*. 

Since A + B = A* + B* C [A + B)* and they have the common core, we have 
A + H = (A + B)* and A + H is self-adjoint. 

Thus, for A, B E S['H), we can dehne A + B = A + B when A + B. 

Theorem 2. [S{'H), T, ®, 0) is a generalized orthoalgebra. 

Proof. For A, B E S['H), the conditions (OAl) and (GOA5) are trivial. 

(OA2). Let A + B and A © H T G. We hrst show that B + C. For each 
X E 'F>{C), by the fact [A + B) + C, we have (A + B)Cx = 0 and ACx + BCx = 
0. Then {ACx, BCx) + {BCx, BCx) = 0. As A T H, {ACx, BCx) = 0. So 
{BCx, BCx) = 0 and BCx = 0. Thus we have ran[C) C null[B). As null[B) is 
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closed, we have ran{C) C null{B). By Lemma 5, B B C. Similarly, we have ABC. 
Next, we prove A _L {B + C). For each x E V{B + C) = V{B) nF’(C), ABB 
and ABC implies Bx E null{A) and Cx E null{A). Thus {B + C)x E null{A). 
Then ran{B + C) C null{A). By Lemma 5 again, we obtain B + C B A. That is 
B B C B A. It is obvious that {A B B) B C = A B {B B C). 

(G0A3). Let AB B = ABC. We have proved that [jF^F^{H) 

are the common cores for A, B and A, C respectively. Obviously, F^F^F^ with 
the strong operator limit /, the identity operator, and U Fn^n^ni'^) is dense in BL. 
It follows that U F^F^F^iW) is the common core ioi A, B,C. As AbB = AbC, 
namely A + B = A + C, we have A + BjjjjpAjpBpcc^) = A + C\^pApBpc(^^y Thus 
B\\jpApBpc(^^^ = C\\jpApBpc(^^^ and B = C since B and C are the same on their 
common core. 

(GOA4). Suppose ABB and AB B = 0. That is A + 5 = 0. Then rWn{A) B 
rWn{B). For any x E V{A) 0 V^B), Ax + Bx = 0, {Ax + Bx,Ax) = 0. Since 
{Ax, Bx) = 0, {Ax, Ax) = 0 and Ax = 0. Then Ax = 0 for each x E F>{A) since 
T>{A) r\F{B) is dense in Bi. Then A = 0 since A is self-adjoint. Similarly, We have 
B = 0. 

(GOA6). Let A T A. Then fWT{A) B rm%{A). So for each x E V{A), {Ax, Ax) = 
0 and Ax = 0. Then A C 0, since A is self-adjoint, A = 0. 

Hence, (iS('H), T, ©, 0) is a generalized orhtoalgebra. 

5 The order properties of (<S(?/), T, 0, 0) 

Now, we study the order properties of {S{BL), T, ©, 0). That is, for A,Be S(BL) we 
have A B B if there exists a C E S{BL) such that ABC and AB C = B. It is clear 
0 © A for each A e S{BL). 

Proposition 3. Let A,B E S{Bi). Then, A © H iff A^ = BA. 

Proof. Necessity. Suppose ABB. There is a G G S(BL) such that A T G and 
A © G = B, namely, A + C = B. 

Let X E V{A?) which implies x E Fi^A) and Ax E F{A). Since A T G, rTm{A) C 
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nulliC). So Ax e V{C). Then, we have Ax G V{A){^V{C) = V{B) and A^x + 
CAx = BAx. As CAx = 0, it follows that A^x = BAx for each x G V{A^). 
Thus A^ C BA. To the contrary, suppose x G V{BA). Then x G 'D(A) and 
Ax G V{B). As A T C, U^i is the common core for A and C and so 

it is also the core for A + C = B. Since AF^F^Ax + CF^F^Ax = BF^F^Ax 
and BF^F^Ax —)■ BAx, CF^F^Ax —)■ CAx = 0, we have AF^F^Ax —)■ BAx. As 
F^F^Ax —)■ Ax and A is closed, we obtain Ax G T>{A) and A^x = BAx. It follows 
that BA C A^. Thus, we conclude A^ = BA. 

Sufficiency. Since A^ = BA, {B — A)A C 0. By Proposition 1, V^B) C V{A) and 
V{B — A) is sense in 'H. As B — A = B* — A* F [B — A)*, B — A is symmetric which 
implies that 5 —A is closable. Define C = B — A. From Proposition 1, 
is the common core for A and B. Thus it follows that is the core for 

C. So F^C C CF^. Then C*F^ D F^C*. That is is the core 

for C* = (B-A)*. Since C = B-A C (B-A)*, we have C = C* and C is self- 
adjoint. For X G T’(A), F.^x —)■ x and AF^x = F^Ax —)■ Ax, A^F^x = BAF^x. So 
CAF^x = BAF^Ax — A^F^x = 0 —)■ 0. As C is closed. Ax G V{C) and CAx = 0. 
Thus ran{A) C null{C) and rWfi{A) C null{C). Then C T A and A © C = A + C. 
As BFA + B — A = A + C and A + C is self-adjoint. From the fact that a self- 
adjoint operator is maximal symmetric, we have B = A + B — A = A + C. That is, 
A^B. 

From the above fact, we can conclude that A < B implies F{B) F D(A). 

Proposition 4. For each A G *S'('H), A is principal. That is, A B,C G S'('H) 
with B,C ^ A and BBC, then i? ® C ^ A. 

Proof. Let B,C E 5'('H) with B,C ^ A and BBC. Then by Proposition 3, 
B‘^ = AB and = AC. From Proposition 1, U^i is the common core for 

A, B and C. So 'D{A — {B + C)) is a dense subspace of "H. As A — (i? + C) C 
{A — {B + C))*, A — {B + C) is closable. Dehne H = A — {B + C). Just as the 
proof in Proposition 3, we can prove that H is self-adjoint. For each x G T>{B + C), 
F^x —)■ X and {B + C)F^x = F^{B + C)x -E- {B + C)x. As B ± C, it follows that 
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H{B + C)F^x = {A-{B + C)){B + C)F^x = A{B + C)F^x - {B^ + C^)F^x = 0. 
As H is closed, {B + C)x G F{H) and H{B + C)x = 0. From Lemma 5, H F (B + C) 
and H <S) {B + C) = A — (B + C) + {B + C) = A. Hence, B C F A and A is 
principle. 

Recall that the traditional order of S{'H), we say A < B ii F{B) C F{A) and 
{Ax,x} < {Bx,x) for each x G F{B). We have the following result: 

Proposition 5. \i A F B and R > 0, then A < B. 

Proof. Suppose A F B. Then T’(R) C 'D{A) and there exists a C G S{'H) 
such that AFC and A (B C = B. "H = r<m{A) 0 null{A). For x G F>{B), 
X = y + z where y G ran{A) and 2 : G null{A). As x,z G T>{A) implies y G V^A) 
and ran{A) C null{C) implies y G V{C). It follows that y G V{A) AViC). Thus 
y G 1^(5) and G F{B). Then {{B — A)x,x) = {{B — A){y + z),y + z) = 
{{B — A)z, y + z) = {z, {B — A){y + z)) = ( 2 :, Bz) > 0. So (Ax, x) < {Bx, x) for 
each X G F>{B). Hence, A < B. 

Next, we characterize the order 0 with the spectral measure of self-adjoint op¬ 
erators. 

Theorem 3. Let A,Be S'('H). Then A F B ii and only if < AEf. where 
AE^, = E^, — 0 ^ (Aj_i,Aj] {j = 1,2,3 ■■■) and {E^} is the resolution of 

identity for A. 

Proof. Necessity. A F B implies that there exists a C* G S{'H) such that 
AFC and AfC = B. Then F^F^{'H) is the common core for A and C. 
So [j'^^iF^F^{'H) is also the core for A 0 C = B. By Proposition 3, we have 
A2 = BA. While A^ = BA implies {AF^F^f = {BF^F^){AF^F^) for each 
n G N. By Proposition 3 again, we have AF^F^ F BF^F^ for each n G N. As 
{E^F^F^} and {EfF^F^} are the resolutions of identity for AF^F^\F^F^{H) 
and BF^F^\F^F^{'H) respectively, by Theorem 4.6 in [10], we have AE^.F^F^ < 
AE^.F^F^ for each n G N and 0 ^ (Aj_i,Aj]. Since F^F^ t with the strong 
operator limit /, it follows that AE^, < AEf,, 0 ^ (Aj_i, A^]. 

Sufficiency. Suppose AE^. < AE^., 0 ^ (Aj_i,Aj]. For each n G N, {E^F^} 
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and {E^F^} are the resolution of identity for AF^\F^{l-i) and re¬ 
spectively. For each and ^E^. with 0 ^ (Aj_i,Aj], as for each n G N, 

there exists 0 ^ (Aj_i,Aj] such that ^E^. < F^ and ^E^^ < F^, it follows 
that ^E^T^ < AE^^F^. Then AF^ < BF^ and {AF^f = {BF^){AF^). 
For each x E V{A^)^ x E V{A) and Ax E V{A). As F^F:i^Ax -E- Ax, we have 
BF^F^Ax = BF^AF^x = {AF^fx = F^A^x -E A^x. Since B is closable, 
Ax E F{B) and BAx = A^x. So A^ C BA. Conversely, for each x E V{BA), 
X E T>{A) and Ax E F{B). As {AF^)‘^ is self-adjoint, we have {BF^){AF^) = 
{AF^){BF^). By Lemma 4, we have BF^F^ = F^BF^. Since F^Ax -E Ax, we 
have AF^Ax = {AF^fx = {BF^){AF^)x = F^BF^Ax = F^F^BAx -E BAx. 
As A is closable. Ax E T>{A) and A^x = BAx. So BA C A^. Therefore, A? = BA 
which implies A ^ B. 

Corollary 1. Let A,B E S{n). Then A ^ F if and only if P^(A) < P^(A) 
for each Borel set A C R with 0 ^ A. 

Next, we study the exist of A A P and A V P for A, P G S'('H). 

Denote P(R) the set of all Borel subsets of R. For each A G P(R), if A = Aj, 
where {AjljL^ are pairwise disjoint Borel subsets of R, then we say 7 = {Aj}jLi is 
a partition of A. We denote all the partitions of A by F(A). 

Let A, P G P('H). Dehne P(0) = 0. For each nonempty A G P(R) and 7 G F(A), 
dehne 


P(A) = I A PA(A.)) 0 ^ A 

\ /-P(R\A) 0€A 

Lemma 8 ([15]). P : P(R) —)■ P('H) is a spectral measure. 

Theorem 4. Let A,Be P('H). Then A A B exists in S{'H) with respect to A. 
Proof. Let {E^}, {E^} be the resolutions of identity for A and P respectively 
and P^ the spectral measures for A and P respectively. Dehne P(A) as above 
for each Borel set A G P(R) and then P is a spectral measure. Dehne E\ = 
P((—oo,A]) and {Pa} is a resolution of identity. By Lemma 7, there exists a self- 
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adjoint C such that 


Cx = / XdExx 

J —n 

and {Ex} is the resolution of identity for C, where x G EniTi) and all n. Let 
A G i3(R) with 0 ^ A. For each 7 G r(A), 

P-, = E ■P®(A.)) 

Aie7 

< ( E (P''(A.))) A ( E (F'’(A'))) 

AiG'y AiG'y 

= P'^(A) AP^(A). 

Then P(A) = Ay^r(A)P'y < P^{A) A P'®(A). From Corollary 1, C P A and C ^ B. 
Suppose there exists another Ci G S'('H) such that Ci P A and Ci P B. For each 
A G P(R) with 0 ^ A and 7 G F(A), since P^^{Ai) < P^(Aj) and P^^{Ai) < 
P^(Aj) for each Borel subsets Aj G 7 , we have 

p^HA) = E < E R^(A,) ap^(a,). 

AiG7 AiG'Y 

So we obtain 


P^HA) < A^er(A) E ^^(A*) A P''(A,) = P(A). 

Aie7 

Thus Cl P C and C = A A B. 

Remark 1. If {Aa}a&K P then A = AqAq, exists in SilP). In fact, dehne 

P(0) = 0 and for each nonempty A G P(R), 

[ A E (aR^“(AA) O^A 

P(A) = < 7Gr(A) Aie7 ^ ^ 

[ /-P(R\A) OgA 

It is clear that for each A G P(R), P(A) is a projection operator. It can be 
proved that P : P(R) —)■ P('H) is a spectral measure. Dehne Ex = P((— cxd, A]) and 
{Pa} is a resolution of identity. Then we have A = A Aa where Ax = /E XdExx for 

a 

each X G EniP) and all n. 

Let A,Be S{P). Then APB implies P^(A) < P^(A) for each Borel subset 
A with 0 ^ A. So P\A) = P^(A)P^(A) = P^(A)P^(A). P^(Ai)P^(A 2 ) = 0 
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for the Borel subsets Ai and A 2 with Ai fl A 2 = 0. Therefore, the following result 
is straightforward. 

Lemma 9. Let A,B E 3(71) and H G 3(77) be an upper bound of A and B 
with respect to Then, for any two Borel subsets Ai and A 2 of R, if Ai fl A 2 = 0, 
0 ^ Ai and 0 ^ A 2 , we have 

P^(Ai)P^(A2) = P^(Ai)P^(Ai)P^(A2)P^(A2) = 0. 


Lemma 10 ([16]). Let A,Be 3{77) and have the following property: for each 
pair Ai, A 2 G P(R), where AinA 2 = 0 and 0 ^ A 1 UA 2 , we have P^(Ai)P^(A 2 ) = 
0. Then, the following mapping P ; P(R) —)■ P{7i) dehne a spectral measure: 

^ I ^^(A) V P^(A) 0 ^ A 

I P^(A\{0}) V P^(A\{0}) + A As OgA ' 


Theorem 5. Let A, B E 3(77). If there exists an P G 3(77) such that A P P 
and B C, then Ay B exists in 3(77) with respect to P. 

Proof. We dehne P the same as in Lemma 10. Then, P is a spectral measure 
and E\ = P((—cxd. A]) is a resolution of identity. By Lemma 7, there exists a self- 
adjoint operator D such that 

/ n 

\dE\x 

-n 

for each x in En(77) and all n and {Pa} is the resolution of the identity for P, where 
En = En—E_n. Clearly, P^(A) < P(A) and P®(A) < P(A) for each Borel subset A 
with 0 ^ A. It follows from Corollary 1, A P P and P P P. If there exists another 
operator Pi G 3(77) satisfying A P Pi and P P Pi. Then P^(A) < P‘^i(A), 
P^(A) < P^i(A) and P^(A) V P^(A) < P^i(A) for each A G P(R) with 0 ^ A. 
Then P'^(A) < P^^(A) for each A G P(R) with 0 ^ A. Therefore, by Corollary 1, 
P P Pi. Thus P = A VP. 

Remark 2. Let {Aa}a€A P 3(77) and A^ A H for each a G A. Then, P = 
Vq Aa exists in 3(77). In fact, dehne 
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P(A) = <^ Va V ; ^ ^ 

[ V«P^“(A\{0}) + A„Aa„. Oe a 

It can be proved that P : B{JZ) —> P('H) defines a spectral measure. Ex = 
P((—cx),A]) is a resolution of identity. There exists a self-adjoint operator C such 
that Cx = XdExx for each x in EniTi) and all n. Then Vq-Aq, = C. 

Theorem 6. Let "H = L‘^{—oo, +oo), the position operator Q and momentum 
operator P satisfy the Heisenberg’s commutation relation QP — PQ = —ihP Then 
Q A P = 0 with respect to the order P. 

Proof. In fact, let A ^ P and A P Q ioi A ^ SiP). By Proposition 
3, A^ = PA, A^ = QA. Thus, = PH^ = PQA, = QA"^ = QPA. So 
PQA = QPA. Applying Heisenberg’s commutation relation QP — PQ = —iUI, we 
have 

QPA - PQA = {QP - PQ)A = -ihlA. 

Since [j^^.E^iP) C V{A^) = V{PQA) = V{QPA), QPAx - PQAx = {QP - 
PQ)Ax = —ihlAx for each x E So Ax = 0 for each x E Fni'F), 

which implies that A = 0. Therefore, we have Q A P = 0. 


References 

[1] A. N. Kolmogorov. Grundbegriffe der Wahrscheinlichkeitsrechnung, Berlin, 
(1933). 

[2] W. Heisenberg. The Physical Principles of Quantum Theory, Dover, New York, 
(1930). 

[3] G. Birkhoff and J. von Neumann. The logic of quantummechanics, Ann. Math. 
37(1936), 823-834 

[4] G. Kalmbach. Quantum Measures and Spaces. Kluwer Academic Publishing, 
Dordrecht, (1998) 


17 



[5] K. Husimi. Studies on the foundations of quantum mechanics. Proc. Physi.-Math. 
SoOc. Japan, 19(1937), 766-789 

[6] D. F. Foulis, R. J. Greechie, G. T. Ruttimann. Filter and Supports in Orthoal¬ 
gebras. Interna. J. Theory. Phys. 31(1992), 789-807 

[7] G. Kalmbach and Z. Riecanova. An axiomatization for abelian relative inverses. 
Demonstratio Math. 27(1996), 769-780. 

[8] J. Hedlikova and S. Pulmannova. Generalized difference posets and orthoalge¬ 
bras. Acta. Math. Univ. Gomenianae. LXV(1996), 247-279. 

[9] A. Dvurecenskij and S. Pulmannova. New Trends in Quantum Structures. Aca¬ 
demic, Press, New York. 2002. 

[10] S. Gudder. An order for quantum observables. Math. Slovaca. 56(2006), 573- 
589. 

[11] R. V. Kadison and Z. Liu. The Heisenberg RelationG Mathematical Formu¬ 
lations. February Fourier Talks at the Norbert Wiener Genter for Harmonic 
Analysis and Applications. Springer. 2012. 

[12] R. V. Kadison and R. R. John. Fundamentals of the Theory of Operator Alge¬ 
bras (I). Ams. Math. Soc. 1997. 

[13] J. Gonway. A Gourse in Functional Analysis. Springer-Verlag, 1985 

[14] G. Q. Zhang and M. Z. Guo. Functional analysis. Peking University Press. 1990. 

[15] J. Sen and J. D. Wu. Spectral representation of inhmum of bounded quantum 
observables. J. Math. Phys. 50(2009), 113501-113504. 

[16] W. H. Liu and J. D. Wu. On supremum of bounded quantum observables. J. 
Math. Phys. 50(2009), 073521-073525. 


18 



